Abstract. We calculate the number of extensions of Raynaud schemes over the ring of integers of an absolutely ramified p-adic field with the trivial generic fibers by counting the rational points of the moduli space of finite flat models.
Introduction
Let K be a totally ramified extension of degree e over Q p for p > 2, and F be a finite field of characteristic p. We consider the constant group scheme C F over Spec K of the two-dimensional vector space over F. Let M (C F , K) be the isomorphism class of the pairs (A, C F ∼ → A K ) such that A is a finite flat group scheme over O K with a structure of an F-vector space. Here A K is the generic fiber of A. A finite flat group scheme over O K with a structure of one-dimensional vector space over a finite field is called a Raynaud scheme. So A is an extension of Raynaud schemes by [Tat, Proposition 4.2.1(a) ]. If e < p − 1, then M (C F , K) is one-point set by [Ray, Theorem 3.3.3] . However, if the ramification is big, there are surprisingly many finite flat models. In this paper, we calculate |M (C F , K)|, that is, the number of finite flat models of C F . The main theorem is the following.
Theorem. Let q be the cardinality of F. Then we have
Here a n and a ′ n are defined as in the following. We express e and n by
if n ′ 1 = 0, 1 except in the case where n = 0 and e 1 = p − 2, in which case we put a ′ 0 = e 0 . In the above theorem, we can easily check that |M (C F , K)| = 1 if e < p − 1.
Acknowledgment. The author is grateful to his advisor Takeshi Saito for his careful reading of an earlier version of this paper and for his helpful comments.
Notation. Throughout this paper, we use the following notation. Let p > 2 be a prime number, and K be a totally ramified extension of Q p of degree e. The ring of integers of K is denoted by O K , and the absolute Galois group of K is denoted by G K . Let F be a finite field of characteristic p. The formal power series ring of u over F is denoted by F [[u] ], and its quotient field is denoted by F((u)). Let v u be the valuation of F((u)) normalized by v u (u) = 1, and we put v u (0) = ∞. For x ∈ R, the greatest integer less than or equal to x is denoted by [x] .
Preliminaries
To calculate the number of finite flat models of C F , we use the moduli spaces of finite flat models constructed by Kisin in [Kis] .
Let V F be the two-dimensional trivial representation of G K over F. The moduli space of finite flat models of V F , which is denoted by GR V F ,0 , is a projective scheme over F. An important property of GR V F ,0 is the following Proposition. Proposition 1.1. For any finite extension F ′ of F, there is a natural bijection between the set of isomorphism classes of finite flat models of
Proof. This is [Kis, Corollary 2.1.13].
By Proposition 1.1, to calculate the number of finite flat models, it suffices to count the number of the F-rational points of GR V F ,0 .
Let
There is an action of φ on O E determined by identity on Z p and u → u p . We choose elements π m ∈ K such that π 0 = π and π p m+1 = π m for m ≥ 0, and put
We take the φ-module M F ∈ ΦM OE ,F that corresponds to the G K∞ -representation V F (−1). Here (−1) denotes the inverse of Tate twist.
The moduli space GR V F ,0 is described via the Kisin modules as in the following.
Proof. This follows from the construction of GR V F ,0 in [Kis, Corollary 2.1.13].
By Proposition 1.2, we often identify a point of GR V F ,0 (F ′ ) with the corresponding finite free
. We use the same notation for any sublattice
Finally, for any sublattice M F ⊂ M F with a chosen basis {e 1 , e 2 } and B ∈ GL 2 F((u)) , the module generated by the entries of B e 1 e 2 with the basis given by these entries is denoted by B · M F . Note that B · M F depends on the choice of the basis of M F . We can see that if M F ∼ A for A ∈ GL 2 F((u)) with respect to a given basis, then we have
with respect to the induced basis.
Lemma 1.3. Suppose F ′ is a finite extension of F, and
Proof. The equality x 1 = x 2 is equivalent to the existence of
It is further equivalent to the condition that
The last condition is equivalent to the desired condition.
Main theorem
Theorem 2.1. Let q be the cardinality of F. Then we have
Here a n and a ′ n are defined as in the introduction.
Proof. Since V F is the trivial representation, M F ∼ 1 0 0 1 for some basis. Let M F,0 be the lattice of M F generated by the basis giving M F ∼ 1 0 0 1 . By the Iwasawa decomposition, any sublattice of M F can be written as u
and this is a disjoint union by Lemma 1.3. We put
Then we have M F,s,t ∼ u 
Conversely, s, t ∈ Z and v ∈ F((u)) satisfying this condition gives a point of
We fix s, t ∈ Z such that 0 ≤ s, t ≤ e 0 . The lowest degree term of vu (p−1)s is equal to that of φ(v)u (p−1)t if and only if v u (v) = s−t, in which case v u (vu (p−1)s ) = ps−t. In the case where ps − t ≥ max 0, (p − 1)(s + t) − e , the condition v u (vu
and further equivalent to
We put
In this case, the number of the points of GR V F ,0,s,t (F) is equal to q rs,t by Lemma 1.3.
In the case where ps − t < max 0, (p − 1)(s + t) − e , the condition v u (vu
is satisfied if and only if
In this case, the number of the points of GR V F ,0,s,t (F) is equal to q rs,t+1 by Lemma 1.3.
We put h s,t = log q |GR V F ,0,s,t (F)|. Collecting the above results, we get the followings:
• If s + t ≤ e 0 and ps − t ≥ 0, then h s,t = [(p − 1)t/p].
• If s + t ≤ e 0 and ps − t < 0, then h s,t = (p − 1)s + 1.
• If s + t > e 0 and ps − t ≥ (p − 1)(s + t) − e, then h s,t = e − (p − 1)s p .
• If s + t > e 0 and ps − t < (p − 1)(s + t) − e, then h s,t = e − (p − 1)t + 1.
Now we have
We put S n = (s, t) ∈ Z 2 0 ≤ s, t ≤ e 0 , h s,t = n , and S n,1 = (s, t) ∈ S n s + t ≤ e 0 , ps − t ≥ 0 , S n,2 = (s, t) ∈ S n s + t ≤ e 0 , ps − t < 0 , S ′ n,1 = (s, t) ∈ S n s + t > e 0 , ps − t ≥ (p − 1)(s + t) − e , S ′ n,2 = (s, t) ∈ S n s + t > e 0 , ps − t < (p − 1)(s + t) − e . It suffices to show that |S n,1 | + |S n,2 | = a n and |S
Firstly, we calculate |S n,1 |. We assume (s, t) ∈ S n,1 . In the case n 1 = 0, we have t = pn 0 + n 1 + 1 by [(p − 1)t/p] = (p − 1)n 0 + n 1 . Then ps ≥ t = pn 0 + n 1 + 1 implies s ≥ n 0 + 1, and we have
We note that if t > e 0 , we have
In the case n 1 = 0, we have t = pn 0 or t = pn 0 + 1 by
So we get |S n,1 | = max{e 0 − (p + 1)n 0 + 1, 0} + max{e 0 − (p + 1)n 0 − 1, 0}.
Secondly, we calculate |S n,2 |. In the case n 1 = 1, we have S n,2 = ∅. In the case n 1 = 1, we assume (s, t) ∈ S n,2 . Then s = n 0 , and we have pn 0 + 1 ≤ t ≤ e 0 − n 0 . So we get |S n,2 | = max{e 0 − (p + 1)n 0 , 0}.
Collecting these results, we have |S n,1 | + |S n,2 | = a n . Next, we calculate |S ′ n,1 |. We assume (s, t) ∈ S ′ n,1 . In the case n ′ 1 = 0, we have s = e 0 − e 1 − pn
In the case n Remark 2.3. Theorem 2.1 is equivalent to an explicit calculation of the zeta function of GR V F ,0 , and we see that dim GR V F ,0 = max n ≥ 0 a n + a ′ n = 0 .
